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Abstract
Here we start from a dual version of Vasiliev’s first order action for massless spin-2
particles and derive, via Kaluza-Klein dimensional reduction fromD+1 toD dimensions,
a set of dual massive spin-2 models. This set includes the massive “BR” model, a spin-2
analogue of the spin-1 Cremmer-Scherk model. In our approach the linearized Riemann
curvature emerges from a solution of a functional constraint. In D = 2+1 the BR model
can be written as a linearized version of a new bimetric model for massive gravitons.
We also have a new massive spin-2 model, in arbitrary dimensions, invariant under
linearized diffeomorphisms. It is given in terms of a non symmetric rank-2 tensor and a
mixed symmetry tensor.
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1 Introduction
Although there is a very low (10−23 eV ) experimental upper bound for the graviton mass, see
[1], the only way to understand why is it massless (if it is) is to assume some nonzero mass and
search for consequences. Earlier investigations [2, 3] starting with linearized massive gravitons
(free massive spin-2 particles coupled to an external source) have found inconsistencies with
either the Newtonian limit or the stars light deviation angle by the Sun (gravitational lens).
The discrepancy persists no matter how close we are to the zero mass limit. This is the so
called vDVZ mass discontinuity. Later, one has noticed that the graviton mass introduces
another scale, the Vainshtein [4] radius “rV ”, in the theory which increases as mgrav → 0 thus,
invalidating the linearized approximation which is supposed to hold beyond rV .
The introduction of nonlinear terms, though may cure the vDVZ problem, lead in general
to ghosts [5]. Such conflict has remained for many years without much progress until the last
decade when a clever choice for a nonlinear graviton potential has appeared [6] in order to
tackle those problems. Several works on massive gravity and bigravity [7] have followed [6],
see the review works [8, 9, 10].
Massive gravity is an ongoing subject, there are still instability problems and an ultraviolet
completion is needed. For our purposes it is important to notice that massive gravity and
bigravity models require a graviton potential built up on the top of the usual free massive
spin-2 Fierz-Pauli model [11] described by a symmetric rank two tensor. The use of dual spin-
2 models described in terms of other tensors may inspire us to follow new routes regarding
self-interacting massive spin-2 particles.
The purpose of the present work is to investigate massive spin-2 dual models by means of a
dual parent action. The parent action method is reviewed in [12] in the context of the duality
between massless p-forms and (D − 2 − p)-forms in D dimensions. It is also used in [13] for
obtaining dual models for massless spin-s particles of arbitrary integer spins s ≥ 2. Regarding
the massive case, a first order parent action had appeared longo ago [14] in the scalar tensor1
duality in D = 3 + 1. In [15] it is applied for massive spin-2 particles in D = 3 + 1, see also
the works [16, 17].
Differently from those works, here we do not start with a massive parent action, we begin
with a massless spin-2 action and perform a Kaluza-Klein dimensional reduction from D + 1
to D dimensions. We follow the approach of [18] and [19, 20]. The gauge symmetries of
the massless theory are inherited in general by the massive model through the presence of
Stueckelberg fields. The profusion of fields generated by the dimensional reduction leads to a
larger variety of dual models according to the set of fields that we choose to integrate over.
In the works [13, 18, 19, 20] a first order massless parent action of the Vasiliev type [21]
is used. In the present work we use a dual version of such action. This allows us to derive a
larger set of dual massive spin-2 models. In particular, a spin-2 version, see [22], of the spin-1
topologically massive BF model or Cremmer-Scherk [23] model is now obtained. Differently
1This is the (p,D) = (0, 4) case of the duality between massive p-forms and (D − p− 1)-forms
2
from [22] where the linearized Riemann tensor is introduced in the dualization procedure in
order to generate pure gauge solutions, here the linearized Riemann tensor emerges naturally
after solving a functional constraint. Those ideas might be useful to unravel the much less
known higher spin geometries.
We also show here that in D = 2 + 1 the model of [22] can be interpreted as a linearized
version of a new bimetric model very much inspired in the “New Massive Gravity” of [24].
Moreover, we obtain a new massive spin-2 model, in arbitrary dimensions, described by a
symmetric rank-2 tensor coupled to a mixed symmetry tensor.
We believe that our approach can be generalized for higher spins and curved backgrounds.
In the next section we introduce our basic procedure in the simpler case of spin-1 particles
in D dimensions. In section 3 we deduce the dual massive parent action via KK dimensional
reduction. We obtain the corresponding massive spin-2 dual models and present a new bi-
metric model for massive gravitons in D = 2 + 1. In section 4 we draw our conclusions and
perspectives.
2 The spin-1 case
In arbitrary D-dimensions2 the Maxwell theory can be written in a first order version with
the help of an antisymmetric field V[µν],
S
(1)
P =
∫
dDx
[ 1
4
V [µν]V[µν] − 1
2
V [µν](∂µAν − ∂νAµ)
]
. (1)
The above parent action is invariant under U(1) gauge transformations δϕAµ = ∂µϕ. Inte-
grating over the auxiliary field V [µν] we recover the Maxwell theory; on the other hand the
functional integral over the vector field furnishes the functional constraint ∂µV
[µν] = 0 whose
general solution is V [µν] = ∂αT
[αµν], where T [αµν] is a completely antisymmetric but otherwise
arbitrary tensor. Plugging back in (1) we have a second order model S[T[αµν]] quadratic in
∂αT
[αµν] which on its turn can be written in a first order dual form:
S
(1)
P−Dual =
∫
dDx
[
− 1
4
F [µν]F[µν] +
1
2
F[µν]∂αT
[αµν]
]
, (2)
where now F [µν] and T [αµν] are totally antisymmetric elementary and independent fields. The
dual parent action (2) is invariant under δΩT
[αµν] = ∂βΩ
[βαµν]. Integrating over F[µν] returns
S[T[αµν]] while the integral over T[αµν] leads to functional constraints of the Bianchi type:
∂αF [µν] + ∂µF [να] + ∂νF [αµ] = 0 , (3)
2Throughout this work we use the metric ηµν = (−,+,+, · · · ,+) and the notation: e(αβ) = (eαβ + eβα)/2
and e[αβ] = (eαβ−eβα)/2. The symbols S(s)P and S(s)m stand for a parent action for massless and massive spin-s
particle respectively.
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whose general solution is F [µν](A) = ∂µAν−∂νAµ. Substituting F [µν](A) in (2) we recover the
Maxwell theory. The Maxwell equations follow now from the F[µν] equations of motion:
F[µν] = ∂
αTαµν . (4)
Indeed, (4) is equivalent to ∂µFµν = 0. Notice that in D = 3 + 1 this is equivalent to
ǫµναβ∂νF˜αβ = 0 where F˜
µν = ǫµναβFαβ. So the equations of motion (3) and (4) are equivalent
to the explicitly eletric-magnetic duality invariant equations:
dF = 0 ; dF˜ = 0 . (5)
Next we perform the KK dimensional reduction of the dual parent action (2) in D + 1 :
S
(1)
P−Dual =
∫
dD+1x
[
− 1
4
F [MN ]F[MN ] +
1
2
F[MN ]∂AT
[AMN ]
]
, (6)
where we have introduced sources and used capital Latin letters to denote the (D + 1)-
dimensional indices, (M,N, . . . = 0, 1, 2, . . . , D). InD-dimensions we use Greek letters (µ, ν, . . . =
0, 1, 2, . . . , D − 1). We compactfy the last spatial dimension xD = y in a circle of radius
R = 1/m. So the fields are redefined as
F [MN ](xα, y)→
{
F [µν] =
√
m
pi
F [µν](x) cosmy
F [µD] =
√
m
pi
V µ(x) sinmy
, (7)
T [AMN ](xα, y)→
{
T [αµν] =
√
m
pi
T [αµν](x) cosmy
T [αµD] =
√
m
pi
B[αµ](x) sinmy
. (8)
Back in (6) and integrating over y we find the following D-dimensional massive parent action
S(1)m =
∫
dDx
[
− 1
4
F [µν]F[µν] +
1
2
F [µν]∂αT[αµν] − 1
2
V µVµ + V
µ∂νB[νµ] +
m
2
F [µν]B[µν]
]
, (9)
which is invariant under the gauge transformations:
δΦB[µν] = ∂
βΦ[βµν] ; δΦ,ΩT[αµν] = −mΦ[αµν] + ∂βΩ[βαµν] . (10)
Now we are able to deduce the known spin-1 massive dual models, namely, the D-dimensional
version of the Kalb-Ramond [25], Cremmer-Sherk [23] and Maxwell-Proca [26] models. By
first integrating over F [µν] and V µ we obtain from (9) the Kalb-Ramond model with the
Stueckelberg fields T[αµν], namely
SKR =
∫
dDx
[ 1
2
∂αB˜
[αµ]∂βB˜[βµ] +
m2
4
B˜[µν]B˜
[µν]
]
, (11)
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where B˜[µν] = B[µν]+
∂αT[αµν]
m
. The model is invariant under (10) and the fields T [αµν] could be
completely gauged away.
On the other hand, by first integrating over T[αµν] in (9) we obtain the constraints (3)
and plugging the general solution F [µν](A) = ∂µAν − ∂νAµ back in the action we have the
intermediate action:
SI =
∫
dDx
[
− 1
4
Fµν(A)F
µν(A)− 1
2
VµV
µ − 1
2
B[µν]Fµν(V −mA)
]
. (12)
By further integrating over V µ we arrive at the Cremmer-Scherk model in D-dimensions3
SBF =
∫
dDx
[
− 1
4
Fµν(A)F
µν(A) +
1
2
∂αB
[αµ]∂βB[βµ] − m
2
B[µν]Fµν(A)
]
. (13)
It is invariant under δΦB[µν] = ∂
αΦ[αµν] and δϕAµ = ∂µϕ. It is a remarkable model, it describes
massive spin-1 particles while preserving the U(1) gauge symmetry without Stueckelberg fields.
It can be generalized to the non-Abelian case [27].
If instead of integrating over V µ we integrate over B[µν] in (12) we obtain the zero curvature
constraint ∂µ(Vν −mAν)− ∂ν(Vµ −mAµ) = 0 whose general solution Vµ = mAµ + ∂µψ leads
to the Maxwell-Proca theory
SProca =
∫
dDx
[
− 1
4
Fµν(A˜)F
µν(A˜)− m
2
2
A˜ 2µ
]
. (14)
where A˜µ = Aµ +
∂µψ
m
. Now the gauge invariance is assured by the presence of Stueckelberg
field ψ. All three models SKB, SBF and SProca are gauge invariant as a consequence of the
gauge symmetry of the massless parent action (4). If we had started from the massive parent
action which stems from the dimensional reduction of (1) we would also have derived the
three models SKR, SBF and SProca, as in [18], but the role of the Gaussian integrals and the
functional constraints would be interchanged.
3 Dual massive spin-2 models
Massless spin-2 particles are commonly described (inD dimensions) by the linearized Einstein-
Hilbert theory in terms of a symmetric rank-2 tensor field. This theory can be written in a
first order version using a non-symmetric rank-2 tensor, eµν , and a mixed symmetry rank-3
tensor, Y µ[αβ], as [21, 13, 28]
S
(2)
P =
1
2
∫
dDx
[
Y µ[αβ]Yβ[αµ] − Y
αYα
(D − 2) − Y
µ[αβ](∂αeβµ − ∂βeαµ)
]
, (15)
3In D = 3 + 1 we can redefine Bµν = ǫµναβB̂αβ in order to obtain the so called topologically massive BF
model or simply Cremmer-Scherk model.
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where Y α = ηµβY
µ[αβ]. Integrating over the auxiliary field Y µ[αβ] we recover the linearized
Einstein-Hilbert theory in terms of e(µν). On the other hand the functional integral over eµν fur-
nishes the functional constraint ∂αY
µ[αβ] = 0 whose general solution is Y µ[αβ] = ∂νT
µ[ναβ]. Re-
placing this result back in (15) we have a second order model S[Tµ[ναβ]] quadratic in ∂νT
µ[ναβ].
Similar to the linearized Einstein-Hilbert theory, the model S[Tµ[ναβ]] can also be written
in a dual first order version (see [13])
S
(2)
P−Dual =
∫
dDx
[
− 1
8
Y µ[αβ]Yµ[αβ] − 1
4
Y µ[αβ]Yβ[αµ] +
1
2
Y αYα − 1
2
Y µ[αβ]∂νTµ[ναβ]
]
, (16)
which is invariant under vector gauge transformations
δξY
µ[αβ] = −∂µ∂αξβ + ∂µ∂βξα ,
δξT
µ[ναβ] = ηµν(∂αξβ − ∂βξα) + ηµα(∂βξν − ∂νξβ) + ηµβ(∂νξα − ∂αξν) , (17)
and antisymmetric shifts
δωY
µ[αβ] = −∂αω[βµ] + ∂βω[αµ] ,
δω,ΩT
µ[ναβ] = −ηµνω[αβ] − ηµαω[βν] − ηµβω[να] + ∂σΩµ[σναβ] , (18)
where ξµ, ω
[µν] and Ωµ[σναβ] are gauge parameters.
Integrating over Y µ[αβ] we recover S[Tµ[ναβ]] while the integral over Tµ[ναβ] leads to con-
straints of the Bianchi type:
∂νY µ[αβ] + ∂αY µ[βν] + ∂βY µ[να] = 0 , (19)
whose general solution is Y µ[αβ] = ∂αeβµ−∂βeαµ, where eµν is a non-symmetric rank-2 tensor.
Plugging back in (16) we have the linearized Einstein-Hilbert theory in terms of e(µν). In
D = 3+ 1 we can redefine Y µ[αβ] = ǫαβνσŶ µ[νσ] and Tµ[ναβ] = ǫναβσe
σ
µ and show that (15) and
(16) coincide, similarly for (1) and (2) in the spin-1 case. However, the massive parent actions
in D = 3 + 1 descending from (15) and (16) in D = 4 + 1 are different since the self-duality
of the massless parent actions only hold in D = 3 + 1.
Now we are ready to perform the dimensional reduction of (16) in D + 1:
S
(2)
P−Dual =
∫
dD+1x
[
− 1
8
Y M [AB]YM [AB] − 1
4
Y M [AB]YB[AM ] +
1
2
Y AYA − 1
2
Y M [AB]∂NTM [NAB]
]
.
(20)
Compactfying the spatial dimension y = xD in a circle, the fields and the gauge parameters
are redefined according to
Y M [AB](xα, y) →

Y µ[αβ] =
√
m
pi
Y µ[αβ](x) cosmy
Y µ[αD] =
√
m
pi
W µα(x) sinmy
Y D[αβ] =
√
m
pi
V [αβ](x) sinmy
Y D[αD] =
√
m
pi
Zα(x) cosmy
, (21)
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TM [NAB](xα, y) →

T µ[ναβ] =
√
m
pi
T µ[ναβ](x) cosmy
T µ[ναD] =
√
m
pi
Bµ[να](x) sinmy
TD[ναβ] =
√
m
pi
M [ναβ](x) sinmy
TD[ναD] =
√
m
pi
N [να](x) cosmy
, (22)
ξM(xα, y) →
{
ξµ =
√
m
pi
ξµ(x) cosmy
ξD =
√
m
pi
ϕ(x) sinmy
, (23)
ω[MN ](xα, y) →
{
ω[µν] =
√
m
pi
Λ[µν](x) cosmy
ω[µD] =
√
m
pi
χµ(x) sinmy
, (24)
ΩM [CNAB](xα, y) →

Ωµ[σναβ] =
√
m
pi
Ωµ[σναβ](x) cosmy
Ωµ[σναD] =
√
m
pi
Θµ[σνα](x) sinmy
ΩD[σναβ] =
√
m
pi
Γ[σναβ](x) sinmy
ΩD[σναD] =
√
m
pi
λ[σνα](x) cosmy
, (25)
where Wµν is an arbitrary rank-2 tensor without symmetry. Substituting (21-22) in (20) and
integrating over y we obtain a first-order massive spin-2 parent action given by
S(2)m =
∫
dDx
{
− 1
8
Y µ[αβ]Yµ[αβ] − 1
4
Y µ[αβ]Yβ[αµ] +
1
2
Y αYα − 1
2
Y µ[αβ][∂νTµ[ναβ] +mBµ[αβ]]
+Y µZµ − 1
2
W (µν)W(µν) +
1
2
W 2 +W µν∂αBµ[να] +
1
2
W [µν]V[µν] − 1
8
V [µν]V[µν]
+
m
2
V [µν]N[µν] − 1
2
V [µν]∂αM[αµν] + Z
µ∂νN[µν]
}
, (26)
which is invariant under the following independent transformations
δξY
µ[αβ] = −∂µ∂αξβ + ∂µ∂βξα ; δξ, ϕW µν = −m∂µξν − ∂µ∂νϕ
δξV
[αβ] = m(∂αξβ − ∂βξα) ; δξ, ϕZµ = −m2ξµ −m∂µϕ
δξT
µ[ναβ] = ηµν(∂αξβ − ∂βξα) + ηµα(∂βξν − ∂νξβ) + ηµβ(∂νξα − ∂αξν)
δξ, ϕB
µ[αβ] = ηµα(mξβ + ∂βϕ)− ηµβ(mξα + ∂αϕ)
δξN
[αβ] = ∂αξβ − ∂βξα ; δξ, ϕM [ναβ] = 0 (27)
and
δΛY
µ[αβ] = −∂αΛ[βµ] + ∂βΛ[αµ] ; δΛ, χW µν = mΛ[µν] + ∂νχµ
δχV
[αβ] = −∂αχβ + ∂βχα ; δχZµ = mχµ
δΛ,Ω,ΘT
µ[ναβ] = −ηµνΛ[αβ] − ηµαΛ[βν] − ηµβΛ[να] + ∂σΩµ[σναβ] −mΘµ[ναβ]
δχ,ΘB
µ[αβ] = −ηµαχβ + ηµβχα + ∂σΘµ[σαβ]
δΛ, λN
[αβ] = −Λ[αβ] + ∂σλ[σαβ] ; δλ,ΓM [ναβ] = mλ[ναβ] + ∂σΓ[σναβ] . (28)
Now we are ready to derive a set of dual massive spin-2 models.
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3.1 The Curtright-Freund and Fierz-Pauli models (m 6= 0)
The Fierz-Pauli (FP) [11], Curtright-Freund (CF) [14] and Cassini-Montemayor-Urrutia (CMU)
[15] models describe massive spin-2 particles. The first one in terms of a symmetric rank-2
tensor while the second and third ones in terms of a mixed symmetry rank-3 tensor. In order
to obtain the CF model in D dimensions from the massive parent action (26) we start by
integrating over the field Y µ[αβ] followed by an integration over the symmetric part of W µν .
This leads us to the following intermediate action
SII =
∫
dDx
{
1
8
(
∂αB
µ[αβ] + ∂αB
β[αµ]
)2
− (∂αB
α)2
2(D − 1) −W
[µν]∂αBµ[αν] +
1
2
W [µν]V[µν]
−1
8
V [µν]V[µν] − 1
2
V [µν]∂αM[αµν] +
m
2
V [µν]N[µν] − Zµ∂νN[νµ]
+
m2
2
[
Bµ[αβ] +
∂λT
µ[λαβ]
m
+
1
m
(ηµαZβ − ηµβZα)
]
·
[
Bα[µβ] +
∂νTα[νµβ]
m
+
1
m
(ηαµZβ − ηαβZµ)
]
− m
2
2(D − 2)
[
Bµ +
∂νT
[νµ]
m
− (D − 1)Z
µ
m
]2}
, (29)
where Bα = ηµβB
µ[αβ] and T [αβ] = ηµνT
µ[αβν]. The functional integration over W[µν] results
in V [µν] = ∂αB
µ[αν] − ∂αBν[αµ]. Substituting V [µν] in (29) we obtain the CF model with
Stueckelberg fields
SCF =
∫
dDx
{
1
2
∂αB˜
µ[αβ]∂νB˜β[νµ] − (∂αB˜
α)2
2(D − 1) +
m2
2
[
B˜µ[αβ]B˜α[µβ] −
B˜ 2µ
(D − 2)
]}
, (30)
where
B˜µ[αβ] = Bµ[αβ] +
∂νT
µ[ναβ]
m
+
1
m
ηµα(Zβ + ∂νN
[νβ])− 1
m
ηµβ(Zα + ∂νN
[να])
− 1
m
∂µ
(
N [αβ] − ∂νM
[ναβ]
m
)
. (31)
Due to the presence of the Stueckelberg fields, the CF action is invariant under the transfor-
mations (27) and (28). Furthermore, we can decompose B˜µ[αβ] in terms of its traceless piece
B
µ[αβ]
and its trace B˜α as
B˜µ[αβ] = B
µ[αβ]
+
1
(D − 1)(η
µβB˜α − ηµαB˜β) . (32)
Back in (30) and neglecting the trace B˜α which decouples, we have the compact action for
massive spin-2 particles [19, 20]:
SCF =
∫
dDx
{ 1
2
∂αB
µ[αβ]
∂νBβ[νµ] +
m2
2
B
µ[βα]
Bα[βµ]
}
, (33)
8
which coincides with the CF action [14] as shown in (33).
On the other hand, in order to obtain the FP model from action (26) we start integrating
over V [µν] followed by an integration over Tµ[ναβ]. The second integration results in equation
(19), whose general solution is Y µ[αβ] = ∂αeβµ−∂βeαµ where eµν is an arbitrary rank-2 tensor.
We arrive at the intermediate action
SIII =
∫
dDx
{
− 1
2
∂µe(αβ)∂
µe(αβ) +
1
2
∂µe∂
µe− ∂µe∂νeµν + ∂µe(µν)∂αe(αν)
+
1
2
[
Bµ[αβ] +
1
m
(ηµαZβ − ηµβZα)
]
·
[
∂α(Wµβ −meβµ)− ∂β(Wµα −meαµ)
]
−1
2
[
W µν +mN [µν] − ∂
νZµ
m
− ∂βM [βµν]
]
·
[
Wνµ +mN[νµ] − ∂µZν
m
− ∂αM[ανµ]
]
+
1
2
[
W − ∂
αZα
m
]2}
. (34)
The functional integration over Bµ[αβ] furnish the functional constraint
∂α(Wµβ −meβµ)− ∂β(Wµα −meαµ) = 0 , (35)
whose general solution is Wµβ = meβµ + ∂βAµ, where Aµ is an arbitrary vector field. Putting
back in (34) we have the FP model
SFP =
∫
dDx
{
− 1
2
∂µe˜(αβ)∂
µe˜(αβ) +
1
2
∂µe˜∂
µe˜− ∂µe˜∂ν e˜µν + ∂µe˜(µν)∂αe˜(αν)
−m
2
2
[e˜µν e˜
νµ − e˜ 2]
}
, (36)
where
e˜µν = eµν +
1
m
∂µ
(
Aν − Zν
m
)
−N[µν] +
∂βM[βµν]
m
, (37)
e˜µν is invariant under the transformation (27) and (28) altogether with
δξ,Λeµν = −∂νξµ − Λ[µν] ; δϕ, χAµ = −∂µϕ+ χµ . (38)
The antisymmetric part e˜[µν] decouples from the symmetric one and vanishes on shell.
From (28) we see that we can use the gauge parameters Λ[µν], ξµ and λ[µνα] to fix the gauges
W[µν] = 0 = Zµ =M[αµν] in (29). Consequently, V[µν] and N[µν] decouple and can be integrated
away. We end up with the CMU model [15] in terms of the combination Bµ[αβ]+ ∂
νTµ[ναβ]/m.
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3.2 The new massive spin-2 model
If we integrate over the field Wµν in (34) we find a new massive spin-2 model
S[eˆ, B̂] =
∫
dDx
{
− 1
2
∂µeˆ(αβ)∂
µeˆ(αβ) +
1
2
∂µeˆ∂
µeˆ− ∂µeˆ∂ν eˆµν + ∂µeˆ(µν)∂αeˆ(αν)
−m
2
B̂µ[αβ](∂αeˆβµ − ∂β eˆαµ) + 1
2
∂αB̂
µ[αν]∂βB̂ν[βµ] − ∂αB̂
α∂βB̂β
2(D − 1)
}
, (39)
where
eˆµν = eµν −N[µν] + 1
m
∂αM[αµν] , (40)
B̂µ[αβ] = Bµ[αβ] +
1
m
(
ηµαZβ − ηµβZα
)
. (41)
Defining the tensor F[αβ]µ ≡ ∂αeˆβµ − ∂β eˆαµ we can rewrite this new model as
S[eˆ, B̂] =
∫
dDx
{
− 1
8
F [αβ]µF[αβ]µ − 1
4
F [αβ]µF[αµ]α +
1
2
F αFα − m
2
B̂µ[αβ]F[αβ]µ
+
1
2
∂αB̂
µ[αν]∂βB̂ν[βµ] − ∂αB̂
α∂βB̂β
2(D − 1)
}
, (42)
where F α = ηµβF
[αβ]µ. We can fix the unitary gauge N[αβ] = 0 = M[αµν] = Z
µ and get rid of
all remaining Stckelberg fields. Alternatively we might choose Zµ = mBµ/(D − 1) such that
ηµβB̂
µ[αβ] = B̂α = 0. Nevertheless, the model remain invariant under the independent gauge
transformations:
δξ eˆµν = −∂µξν ; δΘB̂µ[αβ] = ∂σΘµ[σαβ] . (43)
The tensor F[αβ]µ = ∂αeˆβµ − ∂β eˆαµ is some sort of linearized spin-connection.
The equations of motion from (42) are given by:
∂αF
[αβ]µ + ∂αF
[αµ]β + ∂αF
[µβ]α − 2ηµβ∂αF α + 2∂µF β = −2m∂αB̂µ[αβ] , (44)
∂β∂νB̂
α[νµ] − ∂α∂νB̂β[νµ] + η
µβ∂α∂νB̂
ν
(D − 1) −
ηµα∂β∂νB̂
ν
(D − 1) = mF
[αβ]µ . (45)
Applying ηµβ and ∂µ on (45) we obtain respectively
F α = 0 , ∂µF
[αβ]µ = 0 . (46)
On the other hand, applying ηµβ and ∂µ on (44) and using the results (46) we obtain respec-
tively
∂αB̂
α = 0 , ∂µ∂αB̂
µ[αβ] = 0 . (47)
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Substituting (45) in (44) and using the results (46-47) we find the Fierz-Pauli constraints and
the Klein-Gordon equation,
ηµνB̂(µν) = 0 , ∂
µ
B̂(µν) = 0 , B̂[µν] = 0 , (48)
(−m2)B̂(µν) = 0 . (49)
where we have defined B̂µν ≡ ∂αB̂µ[αν]. This is all we need to describe massive spin-2 particles.
Notice that (45) gives F[αβ]µ, which are the relevant gauge invariants built up from eµν , in terms
of B̂(µν). Had we introduced sources from the beginning we would have found the following
dual map between the Fierz-Pauli theory and the new model S[eˆ, B̂],
eµν ↔ B̂µν . (50)
3.3 The massive BR model
In [22] a fourth-order massive spin-2 model was proposed, with a BR-type coupling, where
B[µα][νβ] is a auxiliary field and R
(1)
µανβ is the linearized Riemann curvature. Here we show that
the BR model can be obtained from the massive parent action (26), more specifically from
its follow up action (34). Integrating over the antisymmetric tensor eµν in (34) we have the
constraint
∂α
(
B̂µ[αν] − B̂ν[αµ]
)
= 0 , (51)
whose general solution is
B̂µ[αν] =
1
m
∂βB
[βµ][αν] +
1
m
∂βX
µ[βαν] , (52)
where B[βµ][αν] has the same index structure of the Riemann curvature tensor while Xµ[βαν] is
fully antisymmetric in the last three indices but otherwise arbitrary. Substituting this result
back in (34) we find the second-order version of the BR model
S
(2)
BR =
∫
dDx
{
− 1
2
∂µe(αβ)∂
µe(αβ) +
1
2
∂µe∂
µe− ∂µe∂νeµν + ∂µe(µν)∂αe(αν)
−1
2
[
Wµν − ∂νZµ
m
+mN[µν] − ∂βM[βµν]
]
.
[
W νµ − ∂
µZν
m
+mN [νµ] − ∂αM [ανµ]
]
+
1
2
[
W − ∂
µZµ
m
]2
+
1
2m
B[µα][νβ]R
(1)
µανβ(W −me)
}
, (53)
where R
(1)
µανβ is the linearized version of the Riemann curvature tensor under a weak field
expansion gµν = ηµν + e(µν), namely,
11
R
(1)
µανβ(e) =
1
2
(∂µ∂βe(αν) − ∂µ∂νe(αβ) − ∂α∂βe(µν) + ∂α∂νe(µβ)) . (54)
Similar to the passage from the intermediate action (12) to the Cremmer-Scherk model
(13), the integration over Wµν in (53) results in the fourth-order BR model [22]
S
(4)
BR =
∫
dDx
{
− 1
2
∂µe(αβ)∂
µe(αβ) +
1
2
∂µe∂
µe− ∂µe∂νeµν + ∂µe(µν)∂αe(αν)
−1
2
B[µα][νβ]R
(1)
µανβ(e) +
1
2m2
(∂α∂βB
[αµ][βν])2 − 1
2m2
(∂α∂βB
αβ)2
(D − 1)
}
. (55)
The model (55) is invariant under transformations δΦB[µα][νβ] which leave ∂
µ∂νB[µα][νβ] invari-
ant and under linearized reparameterizations δξe(µν) = ∂µξν + ∂νξµ.
The equations of motions of the action (55) are
G(1)µν (e) =
1
2
∂α∂βB[µα][νβ] , (56)
R
(1)
µανβ(e− B) = 0 , (57)
where G
(1)
µν is the linearized Einstein tensor, G
(1)
µν (e) = R
(1)
µν (e)− (1/2)ηµνR(1)(e), and we have
defined the symmetric tensor
Bµν = − 1
m2
[
∂α∂βB[µα][νβ] − 1
(D − 1)ηµν∂
α∂βBαβ
]
. (58)
Using those results in (56) we have
G(1)µν (B) = −
m2
2
(Bµν − ηµνB) . (59)
Those are the Fierz-Pauli equation of motion for the field Bµν , from which we can deduce the
Klein-Gordon equation and the Fierz-Pauli constraints
(−m2)Bµν = 0 , ∂µBµν = 0 , B = ηµνBµν = 0 (60)
The dual mapping between the Fierz-Pauli and the BR models is
e(µν) ↔ Bµν . (61)
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In the special case of D = 2 + 1 dimensions we can rewrite the tensor field B[µα][νβ] in terms
of a symmetric rank-2 tensor ℓλσ:
B[µα][νβ] ≡ ǫµαλǫνβσℓλσ . (62)
Such that the BR model (55) can be written as4
S
(D=3)
BR = 2
∫
d3x
{
LEHL(h)− ℓµνG(1)µν (h) +
1
m2
LK(ℓ)
}
, (63)
where hµν ≡ e(µν) and
LLEH(h) = −1
4
∂µhαβ∂
µhαβ +
1
4
∂µh∂
µh− 1
2
∂µh∂νh
µν +
1
2
∂µh
µν∂αhαν , (64)
LK(ℓ) = 1
4
(ℓµν)
2 +
1
2
(∂µℓ
µν)2 +
1
8
(∂µ∂νℓ
µν)2 +
1
4
ℓµν∂
µ∂νℓ− 1
8
(ℓ)2 . (65)
The Lagrangian LLEH(h) is the linearized version of the Einstein-Hilbert Lagrangian√−gR(g) in the weak field expansion gµν = ηµν + hµν , while LK(ℓ) is the linearized ver-
sion of the K-term of the New Massive Gravity [24]
K(f) = R2µν(f)−
3
8
R2(f) , (66)
in the weak field expansion fµν = ηµν + ℓµν .
So the BR model in D = 2 + 1 can be interpreted as a linearized version of a bimetric
model,
Sbim[g, f ] = 2
∫
d3x
√−g
[ 7
2
R(g) + fµνGµν(g) +
K(f)
m2
]
, (67)
where fµνfνβ = δ
µ
β . In the weak field expansion of the metrics gµν and fµν we have until the
quadratic order
√−gR(g) → LLEH(h) , (68)
√−gfµνGµν(g) → −ℓµνG(1)µν (h)−
5
2
LLEH(h) , (69)
√−gK(f) → LK(ℓ) . (70)
Where on the right hand side of (68)-(70) the indices are raised and lowered with the flat
metric ηµν . The unusual coefficient 7/2 in the Einstein-Hilbert term can be explained by the
extra term −5/2 in (69). The bimetric model (67) belongs to a larger class of bimetric models
which use different types of derivative couplings between the metrics and describe massive
spin-2 particles in D = 2 + 1. We are currently investigating such new class of models.
4In D = 2 + 1 the Weyl tensor Cµανβ is zero identically, so that the Riemann curvature tensor can be
written in terms of the Einstein tensor, Rµανβ = ǫµαλǫνβσG
λσ.
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4 Conclusion
The action S
(1)
P−dual, see (2), is a dual version of the usual first order formulation of the Maxwell
theory. Its equations of motion (in vacuum ) become explicitly eletric-magnetic duality invari-
ant, see (5). We believe that S
(1)
P−dual can be generalized for arbitrary integer spin as a dual
version of the Vasilev’s parent action [21]. Starting with its spin-2 version S
(2)
P−dual, which has
appeared before in [13], we have performed a Kaluza-Klein dimensional reduction from D+1
to D dimensions and obtained a parent action for massive spin-2 particles in D-dimensions,
see (16).
We have derived five dual models, besides the Fierz-Pauli [11], Curtright-Freund [14] and
Cassini-Montemayor-Urrutia [15] models, we have also obtained, to the best we know, a new
model, see (39), and the more recent “BR” model of [22] which is a kind of spin-2 generalization
of the spin-1 topologically (in D = 4) massive BF model or Cremmer-Scherk model [23]. In
the BR model the linearized Riemann tensor R
(1)
µναβ(h) replaces the spin-1 curvature Fµν(A).
The model describes massive spin-2 particles without breaking the linearized diffeomorphism
invariance and without explicit Stueckelberg fields either. Differently from [22], where the
Riemann tensor is an input, here it is an output that emerges from a solution of a functional
constraint. This fact may be relevant in the investigation of higher spin (s ≥ 3) geometries.
The BR model has inspired us to introduce a new bimetric model describing massive gravitons
in D = 2 + 1. It is one specific example of a multiparametric family of new bimetric models
in D = 2 + 1 that we are currently investigating beyond the linearized approximation [29].
The new model (39) is also invariant under linearized diffeomorphisms without explicit
Stueckelberg fields akin to the BR model but the fields have a different tensor structure. It
contains a mixed symmetry tensor, whose kinetic term is the same one of the Curtright-Freund
model, and the rank-2 tensor must be non symmetric. The two models are similar to the spin-
1 Cremmer-Scherk model but the BR model has a smoother massless limit since the kinetic
term for the field B[µν][αβ] describes massless spin-1 particles , see [33] while the kinetic term
for the field Bµ[αβ] in (39) has no particle content. Both models (39) and (55) however, may be
used as an alternative starting point for building up diffeomorphism invariant massive gravity
models.
It is remarkable that the antisymmetric components e[µν] play a crucial role in the derivation
of the BR model and of the new model (39) while it plays no role on the Fierz-Pauli side. The
key role of e[µν] in proving duality between the Curtright-Freund and the Fierz-Pauli models
has been pointed out in [19, 20].
We are currently investigating also higher spin and curved background generalizations of
the dual action (16). The curved space generalization may be relevant for recent discussions
[30, 31] on electric/magnetic duality [32] which appears in partially-massless theories in D =
3 + 1. In particular, it may be useful for the search of an electric/magnetic duality invariant
action still covariant with respect to the curved background reparametrizations.
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